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This paper presents a semi-analytical approach for predicting the vibration and acoustic responses of an
arbitrarily shaped, multilayered shell of revolution immersed in a light or heavy unbounded fluid. A
higher-order shear deformable zig-zag shell theory with general shape functions is proposed to describe
the displacement field of a multilayered shell with arbitrary curvatures, which provides a theoretical uni-
fication of most thin and shear deformable shell theories in the literature. Based on the higher-order zig-
zag theory, the structure model of the multilayered shell is formulated by using a modified variational
method combined with a multi-segment technique, whereas a Chebyshev spectral Kirchhoff–
Helmholtz integral formulation is employed to model the exterior acoustic fluid. The displacement field
of the shell and the sound pressure of the fluid are expanded by Fourier series and Chebyshev orthogonal
polynomials. Such a treatment reduces the size of the problem and permits a semi-analytical solution for
the displacement and acoustic variables. A set of collocation nodes distributed over the roots of
Chebyshev polynomials are used to establish the algebraic system of the acoustic integral equations,
and the non-uniqueness solution is eliminated by means of interior CHIEF points. Numerical examples
are given for vibration and acoustic radiation analyses of multilayered spherical, cylindrical and conical
shells. Comparison studies are performed to evaluate the accuracy of various shell theories. The validity
of the present method for acoustic analyses of multilayered shells is demonstrated by comparing the
results with exact solutions and those obtained from the coupled finite element/boundary element
method. Individual contributions of circumferential modes to the radiated sound of multilayered shells
are examined.

� 2015 Elsevier Ltd. All rights reserved.
1. Introduction

Multilayered composite shells are increasingly used as
advanced structural elements in aerospace, automotive, military
and marine industries due to their material merits and structural
efficiencies. Missiles, rockets, torpedoes and submarines are exam-
ples of the use of such shells in aerospace and marine engineering.
In many of these fields, the radiated noise due to structural vibra-
tion presents a very important problem, and therefore the predic-
tion and control of acoustic radiation from multilayered composite
shells are of great interest. Though the last few decades have seen
tremendous progress in the analysis of structure-borne sound
problems, an accurate prediction of the vibration and acoustic
behaviors of multilayered composite shells still remains a chal-
lenging task. This is primarily because of the intrinsically anisotro-
pic and heterogeneous properties of the shells as well as the
complex structure-fluid interaction involved in an acoustic prob-
lem. The main concern of this paper is to establish a general
method for the vibration and acoustic analyses of an arbitrarily
shaped, multilayered composite shell of revolution immersed in a
light or heavy fluid of infinite extent.

An appropriate multilayered shell theory forms the basis of a
reliable assessment on the vibration and sound radiation of multi-
layered composite shells. The development of accurate laminated
shell theories has been one of the most prominent challenges in
solid mechanics for many years. Numerous shell theories based
on different approximations and hypotheses have been proposed.
Physically, a multilayered shell of revolution is a three-
dimensional (3-D) body, and therefore the methods of the exact
3-D theory of elasticity can be applied [1]. However, the governing
equations of the 3-D elasticity theory for multilayered shells are
rather complex when written in natural curvilinear shell coordi-
nates, and moreover, the related computation based on the elastic-
ity theory is quite cumbersome and inefficient. Consequently,
researchers make simplifying assumptions and reduce the 3-D
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shell problems to various 2-D representations with reasonable
accuracy. Notable among them are the classical shell theories
(CSTs), first-order shear deformable shell theories (FSDTs),
higher-order shear deformable shell theories (HSDTs), zig-zag the-
ories (ZZT) and the layer-wise (LW) models. A comprehensive
review of these theories is provided by Carrera [2,3], Toorani and
Lakis [4], Noor and Burton [5] and Qatu et al. [6,7]. The CSTs are
based on the Love-Kirchhoff hypotheses and neglect the transverse
normal and shear deformations of multilayered shells. These theo-
ries can be grossly in error for predicting the vibration behaviors of
multilayered shells made of advanced filamentary composite
materials, e.g., graphite-epoxy, which are susceptible to thickness
effects because their effective transverse shear moduli are signifi-
cantly smaller than the effective elastic modulus along the fiber
direction. Depending on different assumptions made during the
derivation of the kinematic equations, constitutive relations and
the equilibrium equations, a number of CSTs have been developed,
historically, within the Love-Kirchhoff framework, such as Don-
nell’s, Love’s, Reissner’s, Novozhilov’s, Vlasov’s, Sanders’, and
Flügge’s thin shell theories [8]. Koiter [9] pointed out that the
refinement of Love’s approximation for thin shells is meaningless
unless the effects of transverse shear and normal stresses are taken
into account. For moderately thick composite shells, the transverse
normal stress is negligible compared to the transverse shear stres-
ses [10]. The consideration of the effects of transverse shear defor-
mations of shells leads to various FSDTs [4,11,12] and HSDTs
[10,13–16]. Constant transverse shear strains in the shell thickness
are assumed in FSDTs, and shear correction factors have to be
incorporated in FSDTs to adjust the transverse shear stiffness of
the shell. FSDTs account for nonlinear distribution of shear stresses
through shell thickness, and most of these theories satisfy the con-
ditions of zero transverse shear stresses on the top and bottom sur-
faces of the shell. Consequently, there is no need to use shear
correction factors in HSDTs.

Physically, a multilayered composite shell exhibits a piece-wise
continuous displacement field in its thickness direction. The
change in slope of the displacement fields of two adjacent layers
is known as the zig-zag (ZZ) effect [2,3,17–20]. All the previously
mentioned CSTs, FSDTs and HSDTs are not able to reproduce piece-
wise continuous displacement and transverse stress fields in the
shell thickness direction, which are intrinsically experienced by
multilayered shells. Refined models labeled as ZZTs have been
developed in order to take the ZZ effect into account. Possibilities
to consider the ZZ effect for a multilayered composite shell can
be made in CSTs, FSDTs, HSDTs and LW models [2,3,20]. Compre-
hensive numerical studies [3,20] reveal that ZZTs are accurate for
the prediction of global behaviors of multilayered shells and give
reliable results compared well with the exact elasticity solution.
With regard to the LW models [21–24], each layer in a multilay-
ered shell is considered as a shell, for which a separate displace-
ment field is assumed, thus providing a kinematically correct
representation of the displacement field in discrete layers. These
LW models are very accurate in predicting the global–local
responses of multilayered composite shells. However, they are
computationally expensive because the number of unknowns
depend on the number of layers in a multilayered shell.

The literature concerning the structure-borne sound of multi-
layered shells is very limited, though considerable attention has
been paid to the acoustic problems of homogeneous isotropic
shells made of conventional metal materials. For the acoustic anal-
ysis of a multilayered shell, the radiated sound is directly coupled
with the vibration of the shell. However, the coupling is character-
ized by the strength of the influence between the shell and the
acoustic field. From a computational point of view, the structural
and the acoustic problems of a multilayered shell may be solved
subsequently one after the other when a high acoustic impedance
mismatch exists between the shell and fluid. However, this is not
the case for a shell submerged in a heavy fluid (e.g., water), where
a strong coupling scheme must be applied and the structural and
acoustic problems have to be solved simultaneously. Analytical
solutions to the acoustic radiation problems of multilayered shells
are restricted to spherical and cylindrical shells, for which the clas-
sical method of separation of variables for wave equations is avail-
able (see [25] for more details). Harari and Sandman [26] used the
analytical method for the vibration and acoustic analyses of a
three-layered cylindrical shell, in which the thin shell theory
assumptions were employed for the inner and outer face layers
and the first-order shear deformable theory was used to describe
the displacement filed of the core. Yin et al. [27] carried out an ana-
lytical analysis for the sound radiation from a point-driven, infinite
composite cylindrical shell based on a thin shell theory. Daneshjou
et al. [28] examined the sound transmission through an infinite
composite cylindrical shell, which is immersed in an external fluid
medium and contains an internal fluid. Cao et al. [29] predicted the
radiation of sound from composite cylindrical shells with initial
axial loadings and doubly periodic rings. It is noted that that mul-
tilayered shells in engineering applications may not match true
spherical and cylindrical configurations. Even when they do, the
implementation of the analytical method is very cumbersome
and tedious because of the complexity of the cylindrical and spher-
oidal wave functions. Moreover, the successful implementation of
the analytical method may also be restricted to the type of external
exciting forces and boundary conditions of the shell. Thus, numer-
ical methods are more desirable than the analytical method for the
vibration and acoustic analyses of an arbitrarily shaped multilay-
ered shell of revolution subjected to mechanical excitation forces
and boundary conditions of arbitrary types.

Considerable effort has been devoted to the development of var-
ious numerical methods for vibro-acoustic analyses of elastic struc-
tures. For a detailed review of these methods, the reader may refer
toMarburg andNolte [30] and the references therein. Regarding the
acoustic analysis of an elastic structure immersed in an abounded
fluid, the coupled finite element/boundary elementmethod is prob-
ably the most practical approach, in which the dynamic behavior of
the structure is described by the finite element method (FEM) and
the boundary elementmethod (BEM) is used to represent the acous-
tic loading acting on the structure. The interface conditions imposed
on the surface between the structure and the fluid are the continuity
of normal velocity and the sound pressure acting as a loading on the
structural surface. The FEM is recognized as a general approxima-
tion scheme for complex structures, whereas for the acoustic mod-
eling, the BEM has the advantage that all discretization and
numerical approximations are placed on the surface of the struc-
ture. Moreover, the outgoing radiation condition at infinity is auto-
matically satisfied in the BEM [31] when the fluid is of infinite
extent. For the radiation of sound from elastic shells, 2-D or 3-D
finite elements and 2-D boundary elements may be used to dis-
cretize the shell and the acoustic boundary to achieve reasonably
accurate results. Such elements have been considered by, to name
a few, Everstine and Henderson [32], Jeans and Mathews [33], Chen
and Liu [34], Caresta and Kessissoglou [35] and Peters et al. [36,37]
for vibro-acoustic analyses of homogeneous isotropic shells. Denli
and Sun [38] analyzed the interior and exterior acoustic field of a
sandwich cylindrical shell using 2-D finite elements and boundary
elements. The main drawback of these elements is that they gener-
ally lead to a system of equations with a large number of unknowns,
and are not able to offer a clear physical insight into the vibration
and acoustic behaviors of the shells. For the sound radiation of a
body of revolution, the pressure of the acoustic filed can be
expanded by Fourier series in the circumferential direction. Such a
treatment leads to 1-D semi-analytical boundary elements since
only a discretization along the generator line of the body is needed.



Fig. 1. A multilayered composite shell of revolution immersed in unbounded fluid.
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This reduction is particularly worthwhile because 1-D semi-
analytical boundary elements, in general, are computationallymore
efficient than 2-D boundary elements for acoustic problems, and
moreover they provide great physical insight into the mechanisms
responsible for the radiated noise from fluid-loaded structures.
The use of 1-D boundary elements for sound radiation analyses of
axisymmetric bodies has been examined by Soenarko [39], Kuijpers
et al. [40], Tsinopoulos et al. [41], Wang et al. [42], Wright et al. [43],
Caresta and Kessissoglou [44] and Qu et al. [45]. It is well-known
that the boundary elements based on the classical Kirchhoff–Helm-
holtz integral equation, either in a 2-D or 1-D form, may fail to pro-
vide unique solutions for acoustic radiation problems at some
certain frequencies known as fictitious frequencies [31]. These fre-
quencies do not correspond to a physical situation and yield mean-
ingless peaks in acoustic responses, which can be effectively
eliminated by using the CHIEF method [46] or the Burton–Miller
method [47].

The literature survey reveals that there have been very few
studies concerning the sound radiation problems of multilayered
shells with particular geometrical configurations (e.g., cylindrical
and spherical shapes), and a general vibro-acoustic analysis for
an arbitrarily shaped multilayered shell of revolution does not
seem to exist. Moreover, the structure modeling of multilayered
shells for acoustic problems has been mostly restricted to CSTs
and FSDTs. More accurate theories, such as ZZTs, have not been
attempted so far. The main objective of this paper is to develop a
general method for predicting the vibration and acoustic radiation
of an arbitrarily shaped multilayered shell of revolution immersed
in a light or heavy fluid of infinite extent. First, a general higher-
order shear deformable zig-zag shell theory is proposed for the
structural modeling of thin and thick composite laminated shells
with arbitrary curvatures. This theory unifies most of the classical
and shear deformable shell theories available in the literature by
introducing general shape functions into the displacement field
of the shell. Subsequently, a modified variational method devel-
oped by the first author and coworkers [1,48–51] for the dynamic
analyses of shell structures, is employed herein to formulate the
structural model of the multilayered shell of revolution based on
the general higher-order zig-zag thoery. A spectral Kirchhoff–
Helmholtz integral formulation is used to model the exterior
acoustic fluid. The displacements of the shell and the sound pres-
sure of the acoustic field are expanded in the form of a double
mixed series, i.e., Fourier series and Chebyshev orthogonal polyno-
mials. In doing so, the surface integrals governing the motion of the
fluid are reduced to line integrals along the meridian line of the
shell, which drastically reduces the size of the problem and per-
mits subsequent semi-analytical solutions of the acoustic variables
at specified points in the fluid. The two systems of equations are
coupled together by substituting the fluid equation set into the
shell equation set, and the CHIEF method is employed to remove
the non-uniqueness of the solution. Numerical examples are pre-
sented for vibration and acoustic radiation problems of multilay-
ered spherical, cylindrical and conical shells immersed in air and
water and subjected to different excitation forces.
2. Theory

2.1. Preliminaries

Consider an arbitrarily shaped multilayered composite shell of
revolution immersed in an unbounded fluid, as illustrated in
Fig. 1. The shell consists of Nl orthotropic layers of uniform thick-
ness, and each of these may exhibit different mechanical proper-
ties. The thickness of the kth layer and of the entire shell are
denoted by hk (k ¼ 1;2; . . . ;Nl) and h, respectively. For the sake of
convenience, the undeformed middle surface of the shell is
selected as the reference surface S. The material points in the shell
are referred to an orthogonal curvilinear coordinate system com-
posed of coordinates a1, a2 and 1, where a1 and a2 coincide with
the principal curvature lines of the reference surface S (1 ¼ 0),
and 1 is the coordinate normal to S. The external fluid is assumed
to be inviscid and compressible.

2.2. General higher-order shear deformable zig-zag shell model

For a multilayered composite shell, we assume that the
thickness-direction normal stress at any point of the shell is much
smaller than any of other stresses at that point and is, therefore,
negligible. The displacement field of the shell is presented by the
following relationships:

~uiða1;a2;1;tÞ¼ 1þ 1
Ri

� �
uiða1;a2;tÞþ f ð1Þ 1

Ai

@u3

@ai

þgð1Þ#iða1;a2;tÞþuð1;kÞgiða1;a2;tÞ; i¼1; 2 ð1:aÞ

~u3ða1;a2; 1; tÞ ¼ u3ða1;a2; tÞ ð1:bÞ
where ~u1, ~u2 and ~u3 are the displacement components of an arbi-
trary point ða1;a2; 1Þ in the a1, a2 and 1 coordinate directions,
respectively. t represents the time variable. u1, u2, u3, #1, #2, g1

and g2 are the generalized displacement components of the middle
surface of the shell, which are independent of coordinate 1. Ri are
the principal radii of curvature of the middle surface. Ai are the sur-
face metrics that dictate the geometry of the shell surface. f ð1Þ and
gð1Þ are shape functions. uð1; kÞ is a zig-zag function defined
according to the following formula [17]:

uð1; kÞ ¼ ð�1Þk 2
hk

1� 1
2
ð1kþ1 þ 1kÞ

� �
� 813

3hkh
2

( )
ð2Þ

where 1k and 1kþ1 are the bottom and top coordinates of the kth
layer. It is obvious that uð1; kÞ is a piece-wise cubic function of
the thickness coordinate 1. The existence of uð1; kÞ in Eq. (1)
ensures a piece-wise continuous displacement field in the shell
thickness and a change in slope of the displacement field between
two adjacent layers.

In essence, the expression of Eq. (1) is general as it contains the
displacement fields of various thin and shear deformable theories
as particular cases. This is achieved by choosing different shape
functions f ð1Þ and gð1Þ, when the zig-zag function uð1; kÞ is set
to be zero. The displacement fields of classical thin shell theories,
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e.g., Donnell’s, Love’s, Reissner’s, Novozhilov’s, Vlasov’s, Sanders’s
and Flügge’s shell theories, can be recovered directly from Eq. (1)
by setting f ð1Þ ¼ �1 and gð1Þ ¼ 0. For the first-order shear deform-
able shell theories, the shape functions can be chosen as: f ð1Þ ¼ 0
and gð1Þ ¼ 1. The choice of the shape functions for higher-order
shear deformable shell theories is not unique. In practice, this is
based on the satisfaction of certain mechanical constraints of the
problem considered and, in general, characterizes the degree of
sophistication andaccuracyof the resulting shell theory. Table 1 lists
a numberof higher-order shear deformable shell theories in termsof
different shape functions gð1Þ, when f ð1Þ is takenas�1. Note someof
the shape functions gð1Þ in Table 1 are initially proposed to describe
the displacement fields of elastic beams and plates, which are
employed here for the shell problems. Acronyms are used to express
these theories in a concise manner, as shown in Table 1. Regarding
the tangential trigonometric function proposed by Mantari et al.
[60], HSDT[M2] and HSDT[M3] represent the higher-order shear
deformable shell theories with m ¼ 1=ð5hÞ and m ¼ p=ð2hÞ, respec-
tively. Similarly, for the shape functions obtained by Viola et al.
[13] and El Meiche et al. [65], HSDT[VE1] and HSDT[VE2] denote the
higher-order shell models with m ¼ 1 and m ¼ 1=½coshðp=2Þ � 1�,
respectively, whereas HDT[M5] and HDT[M6] indicate the shell theo-
ries when the parameter m is respectively taken as -6 and -7 in the
hybrid shape functions proposed by Mantari and Guedes Soares
[16].When the zig-zag functionuð1; kÞ is retained in Eq. (1), a series
of higher-order zig-zag theories may be obtained by using those
high-order shape functions defined in Table 1. For the sake of clarity,
all zig-zag theories are labeled by using an additional subscript Z in
the acronyms of those shear deformable theories without zig-zig
functions. For example, HSDTZ represents the first-order shear
deformable zig-zag shell theory, and HSDTZ[KPR] represents a
higher-order zig-zag theory which shares the same shape function
gð1Þ of HSDT[KPR]. The general higher-order zig-zag theory leaves
open possibilities for a posteriori specification of new shape func-
tions. All further equations for multilayered shells, such as the kine-
matic equations, constitutive relations and the equations of motion,
are derived using the general displacement field in Eq. (1) so as to
ensure the applicability of the present formulation and solution
methodology to various shell theories.

In the orthogonal curvilinear coordinate system, the normal and
shear strains related to the displacement components of the shell
are given by (no sum on repeated indices; see [69])

ei ¼ @
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p ; i ¼ 1;2 ð3:aÞ
Table 1
Shape functions gð1Þ proposed in literature.
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where gi (i ¼ 1;2;3) are the geometrical scale factor quantities of

the shell, given as: g1 ¼ A2
1ð1þ 1=R1Þ2, g2 ¼ A2

2ð1þ 1=R2Þ2 and
g3 ¼ 1. Note that the explicit expressions of gi (i ¼ 1;2) depend on
the chosen curvilinear coordinate system, and therefore the
strain–displacement relations in Eq. (3) for a multilayered shell
are affected by the choice of the chosen coordinate system.

Substituting Eq. (1) into Eq. (3), and using the Gauss character-
istic equations and the Codazzi conditions [69], we obtain the
strain components in the shell space as:

ei ¼ eð0Þi þ 1eð1Þi þ f eð2Þi þ geð3Þi þueð4Þi ; i ¼ 1;2;6 ð4:aÞ

ei ¼ f eð0Þi þ geð1Þi þueð2Þi þ �f eð3Þi þ �geð4Þi þ �ueð5Þi ; i ¼ 4;5 ð4:bÞ
where �f , �g and �u are defined as: �f ¼ 1þ @f=@1, �g ¼ @g=@1 and
�u ¼ @u=@1. Note Voigt notation is used herein for the tensor
indices. The detailed expressions of the generalized strain and cur-
vature components are given as:
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@A1

@a2
þ u2

R2

@A2

@a1

� �
ð9:bÞ

eð2Þ6 ¼ 1
A2

@

@a2

1
A1

@u3

@a1

� �
þ 1
A1

@

@a1

1
A2

@u3

@a2

� �

� 1
A1A2

1
A1

@A1

@a2

@u3

@a1
þ 1
A2

@A2

@a1

@u3

@a2

� �
ð9:cÞ

eð3Þ6 ¼ 1
A2

@#1

@a2
þ 1
A1

@#2

@a1
� 1
A1A2

@A1

@a2
#1 þ @A2

@a1
#2

� �
ð9:dÞ

eð4Þ6 ¼ 1
A2

@g1

@a2
þ 1
A1

@g2

@a1
� 1
A1A2

@A1

@a2
g1 þ

@A2

@a1
g2

� �
ð9:eÞ

It is interesting to note that, under the Love-Kirchhoff assump-
tions, the strain components derived by Eqs. (4–9) are equal to
those of Reissner’s thin shell theory.

The relationship between the stress and strain components of a
multilayered shell is given by Hooke’s law. The stress–strain rela-
tions of the kth orthotropic layer are expressed as

r1

r2

r6

2
664

3
775

ðkÞ

¼

�Q ðkÞ
11

�Q ðkÞ
12

�Q ðkÞ
16

�Q ðkÞ
12

�Q ðkÞ
22

�Q ðkÞ
26

�Q ðkÞ
16

�Q ðkÞ
26

�Q ðkÞ
66

2
6664

3
7775

e1
e1
e6

2
664

3
775

ðkÞ

;

r4

r5

" #ðkÞ
¼ ks

�Q ðkÞ
44

�Q ðkÞ
45

�Q ðkÞ
45

�Q ðkÞ
55

2
4

3
5 e4

e5

" #ðkÞ
ð10:a;bÞ

where rk
i (i ¼ 1;2;4;5;6) are the normal and shear stress compo-

nents of the kth layer in the curvilinear coordinate system. �Q ðkÞ
ij

are the material constants written with respect to the global coor-
dinate system after the application of the equation of transforma-
tion [70]. ks is a shear correction factor, defined as: ks = 0 for thin
shell theories, ks = 5/6 for the FSDT and ks = 1 for other shear
deformable shell theories.

Substituting Eq. (4) into Eq. (10), and integrating the stress
components along the thickness direction of the shell, one obtains
the constitutive equations relating the generalized force and
moment resultants to the generalized strains and curvatures of
the reference surface as

�N0

�N1

�N2

�N3

�N4

2
66666664

3
77777775
¼

A B C D E

B F G H I

C G J K L

D H K M N

E I L N O

2
66666664

3
77777775

e0
e1
e2
e3
e4

2
66666664

3
77777775
;

�Q 0

�Q 1

�Q 2

�Q 3

�Q 4

�Q 5

2
66666666664

3
77777777775
¼

�A �B �C �D �E �F
�B �G �H �I �J �K
�C �H �L �M �N �O
�D �I �M �P �R �S
�E �J �N �R �T �X
�F �K �O �S �X �Y

2
66666666664

3
77777777775

v0

v1

v2

v3

v4

v5

2
66666666664

3
77777777775

ð11:a;bÞ
where ei (i ¼ 0;1; . . . ;4) and vi (i ¼ 0;1; . . . ;5) are the generalized
strain and curvature vectors of the shell, expressed as:

e0 ¼ ½eð0Þ1 ; eð0Þ2 ; eð0Þ6 �T, e1 ¼ ½eð1Þ1 ; eð1Þ2 ; eð1Þ6 �T, e2 ¼ ½eð2Þ1 ; eð2Þ2 ; eð2Þ6 �T, e3
¼ ½eð3Þ1 ; eð3Þ2 ; eð3Þ6 �T, e4 ¼ ½eð4Þ1 ; eð4Þ2 ; eð4Þ6 �T, v0 ¼ ½eð0Þ4 ; eð0Þ5 �T, v1 ¼ ½eð1Þ4 ; eð1Þ5 �T,
v2 ¼ ½eð2Þ4 ; eð2Þ5 �T, v3 ¼ ½eð3Þ4 ; eð3Þ5 �T, v4 ¼ ½eð4Þ4 ; eð4Þ5 �T and v5 ¼ ½eð5Þ4 ; eð5Þ5 �T.
The matrices A;B; . . . ;N;O and �A; �B; . . . ; �X; �Y contain the elastic coef-
ficients of the shell, and detailed expressions of these matrices are
given in Appendix A. �Ni (i ¼ 0;1; . . . ;4) and �Q i (i ¼ 0;1; . . . ;5) are
the vectors containing the generalized force and moment resul-

tants, given as: �N0 ¼ ½N1;N2;N6�T, �N1 ¼ ½M1;M2;M6�T,
�N2 ¼ ½P1; P2; P6�T, �N3 ¼ ½T1; T2; T6�T, �N4 ¼ ½K1;K2;K6�T, �Q 0

¼ ½Q ð0Þ
4 ;Q ð0Þ

5 �T, �Q 1 ¼ ½Q ð1Þ
4 ;Q ð1Þ

5 �T, �Q 2 ¼ ½Q ð2Þ
4 ;Q ð2Þ

5 �T, �Q 3 ¼ ½Q ð3Þ
4 ;Q ð3Þ

5 �T,
�Q 4 ¼ ½Q ð4Þ

4 ;Q ð4Þ
5 �T and �Q 5 ¼ ½Q ð5Þ

4 ;Q ð5Þ
5 �T. The force and moment resul-

tants are expressed as:

ðNi;Mi; Pi; Ti;KiÞ ¼
XNl

k¼1

Z 1kþ1

1k
rðkÞ

i ð1; 1; f ; g;uÞd1; i ¼ 1;2;6

ð12:aÞ

ðQ ð0Þ
i ;Q ð1Þ

i ;Q ð2Þ
i ;Q ð3Þ

i ;Q ð4Þ
i ;Q ð5Þ

i Þ ¼
XNl

k¼1

Z 1kþ1

1k
rðkÞ

i ðf ; g;u;�f ; �g; �uÞd1;

i ¼ 4;5 ð12:bÞ
2.3. Structure model

The structural models of multilayered composite shells are for-
mulated by using the modified variational method proposed by the
first author and coworkers [1,48–51]. This method is capable of
modeling an arbitrarily shaped hollow/solid body of revolution in
a semi-analytical manner. In this work, we extend the method to
the structural modeling of immersed composite shells of revolu-
tion based on the general higher-order zig-zag shell theory
described in the previous section. Without any loss of generality,
let a1 and a2 be the meridional and circumferential coordinates
of the shell, respectively. We divide the shell into N shell segments
in the a1 direction. Then, the vibration problem for the shell
immersed in an acoustic fluid involves seeking the minimum of a
modified variational functional as [45]Z t1

t0

XN
i¼1

ðdTi � dUi þ dWs
i þ dW f

i Þdt þ
Z t1

t0

X
i;iþ1

d ~Pi;iþ1dt ¼ 0 ð13Þ

where t0 and t1 are arbitrary instants of time. d is a variation oper-
ator. Ti and Ui are the kinetic energy and strain energy of the ith
shell segment, respectively. dWs

i is the total virtual work of all

external forces acting on the shell segment, and dW f
i represents

the virtual work corresponding to the acoustic loading of the fluid
external to the shell. ~Pi;iþ1 is the interface potential on the common
boundary between adjacent shell segments i and iþ 1.

Based on the general higher-order zig-zag shell model, the
kinetic energy of the ith shell segment is expressed as

Ti ¼ 1
2

XNl

k¼1

Z 1kþ1

1k

Z
Si

qðkÞ 1þ 1
R1

� �
_u1 þ f

1
A1

@u3

@a1
þ g _#1 þu _g1

� �2(

þ 1þ 1
R2

� �
_u2 þ f

1
A2

@u3

@a2
þ g _#2 þu _g2

� �2

þ _u2
3

)
dSd1 ð14Þ

where the dot above a variable represents differentiation with
respect to time. qðkÞ is the mass density per unit volume of the
kth layer. Si is the middle surface area of the ith shell segment
and dS is defined as: dS ¼ A1A2da1da2.
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The strain energy of the ith shell segment is given as:

Ui ¼ 1
2

Z
Si

X4
j¼0

�NjeTj
� �

þ
X5
j¼0

�Q jv
T
j

� �" #
dS ð15Þ

where �Nj, ej, �Q j and vj are defined earlier by Eq.(11).
The essential interface continuity constraints of two adjacent

shell segments ðiÞ and ðiþ 1Þ are enforced through the modified
variational principle proposed by Qu et al. [1,48–51], and the inter-
face potential ~Pi;iþ1 is expressed as:

~Pi;iþ1 ¼
Z
la2

ðPk
i;iþ1 �Pj

i;iþ1Þa1¼a1;i A2da2 ð16Þ

where Pk
i;iþ1 is derived by means of a modified variational principle

to relax the enforcement of the interface continuity constraints.
Pj

i;iþ1 is obtained from a least-squares weighted residual method,
and the existence of this term is to ensure a numerically stable
operation for the multi-segment decomposition of the shell. The
integration in Eq. (16) is carried out over the common interface
(a1 ¼ a1;i) of adjacent shell segments. The process of deriving the
expressions Pk

i;iþ1 and Pj
i;iþ1 is analogous to that of Qu et al. [48],

and we shall not go into details here. Pk
i;iþ1 and Pj

i;iþ1 are directly
given as:

Pk
i;iþ1 ¼ NWT; Pj

i;iþ1 ¼ 1
2
CWT ð17:a;bÞ

in which

N ¼ ½fu1 �N1; fu2
�N6; fu3

�Q5; fr �M1; f#1T1; f#2T6; fg1K1; fg2K6
� ð18:aÞ

W ¼ ½Hu1 ;Hu2 ;Hu3 ;Hr ;H#1 ;H#2 ;Hg1 ;Hg2 � ð18:bÞ

C ¼ ½fu1ju1Hu1 ; fu2ju2Hu2 ; fu3ju3Hu3 ; frjrHr ; f#1j#1H#1 ; f#2j#2H#2 ;

fg1jg1Hg1 ; fg2jg2Hg2 � ð18:cÞ
The generalized force and moment resultants �N1, �N6, �Q5 and �M1

in Eq.(18a)are given as

�N1 ¼ N1 þM1

R1
ð19:aÞ

�N6 ¼ N6 þM6

R2
ð19:bÞ

�Q5 ¼ Q ð3Þ
5 � Q ð0Þ

5

R1
þ @A2

@a1

P2 � P1

A1A2
� 1
A1

@P1

@a1
� 2P6

A1A2

@A1

@a2
� 2
A2

@P6

@a2

ð19:cÞ

�M1 ¼ P1

A1
ð19:dÞ

In Eq. (18), Hu1 , Hu2 , Hu3 , Hr , H#1 , H#2 , Hg1 and Hg2 are the
essential continuity equations on the common interface of two
adjacent shell segments ðiÞ and ðiþ 1Þ, given by: Hu1

¼ u1;i � u1;iþ1, Hu2 ¼ u2;i � u2;iþ1, Hu3 ¼ u3;i � u3;iþ1, Hr

¼ @u3;i=@a1 � @u3;iþ1=@a1, H#1 ¼ #1;i � #1;iþ1, H#2 ¼ #2;i � #2;iþ1,
Hg1 ¼ g1;i � g1;iþ1 and Hg2 ¼ g2;i � g2;iþ1. jt (t ¼ u1;u2;u3; r; #1;

#2;g1;g2) are pre-assigned weighted parameters, taken as

jt ¼ 103E1 with E1 being the maximum elastic modulus of the
shell in the principal coordinate direction [1,48]. ft are the param-
eters defining various boundary conditions. For the case of two
adjacent shell segments, ft ¼ 1; while for the case of geometric
boundaries, values of ft are defined in Table 2. An arbitrary set of
boundary conditions at the two ends of a revolution shell can be
obtained by an appropriate choice of the values of ft. The essential
boundary conditions related to different boundary conditions at
a1 ¼ constant are also given along with the table. In order to easily
refer to the boundaries of the shells, F and C denote free and
clamped boundary conditions, respectively. S1 and S2 represent
two types of simply-supported boundary conditions.

The virtual work introduced to the ith shell segment by
mechanical forces is given as

dWs
i ¼

Z Z
si

ðdu1;if u1 ;i þ du2;if u2 ;i þ du3;if u3 ;iÞdS ð20Þ

where f u1 ;i, f u2 ;i and f u3 ;i are the distributed mechanical forces acting
on the ith shell segment in the a1, a2 and 1 directions, respectively.
Concentrated point forces can be considered by using the Kronecker
delta function.

The virtual work done by the sound pressure of the external
fluid is expressed as:

dW f
i ¼ �

Z Z
Si

du3;ipidS ð21Þ

where pi is the fluid pressure acting on the ith shell segment.
In order to obtain the discretized equations of motion for a mul-

tilayered shell of revolution, the displacement field of each shell
segment is expanded by means of a mixed series, i.e., Fourier series
for the circumferential coordinate and Chebyshev orthogonal poly-
nomials for the meridional coordinate. In doing so, a 2-D problem
is transformed into a set of uncoupled 1-D problems, which corre-
spond to the harmonics of Fourier expansion. We consider the
steady-state case in which the displacement components of the
shell are harmonic functions of time. Introducing a commonly used
circumferential angle coordinate h and letting h ¼ a2, then the dis-
placement field of the ith shell segment can be expanded in the
forms:

u1;iðn; h; tÞ ¼
X~P
~p¼0

X~N
n¼0

T~pðnÞ cosðnhÞ~ui
1;~pnðtÞ þ sinðnhÞ�ui

1;~pnðtÞ
h i

¼ U1;iðn; hÞu1;ieixt ð22:aÞ

u2;iðn; h; tÞ ¼
X~P
~p¼0

X~N
n¼0

T~pðnÞ cosðnhÞ~ui
2;~pnðtÞ þ sinðnhÞ�ui

2;~pnðtÞ
h i

¼ U2;iðn; hÞu2;ieixt ð22:bÞ

u3;iðn; h; tÞ ¼
X~P
p¼0

X~N
n¼0

T~pðnÞ cosðnhÞ~ui
3;~pnðtÞ þ sinðnhÞ�ui

3;~pnðtÞ
h i

¼ U3;iðn; hÞu3;ieixt ð22:cÞ

#1;iðn; h; tÞ ¼
X~P
~p¼0

X~N
n¼0

T~pðnÞ½cosðnhÞ ~#i
1;~pnðtÞ þ sinðnhÞ �#i

1;~pnðtÞ�

¼ H1;iðn; hÞ01;ieixt ð22:dÞ

#2;iðn; h; tÞ ¼
X~P
~p¼0

X~N
n¼0

T~pðnÞ cosðnhÞ ~#i
2;~pnðtÞ þ sinðnhÞ �#i

2;~pnðtÞ
h i

¼ H2;iðn; hÞ02;ieixt ð22:eÞ

g1;iðn; h; tÞ ¼
X~P
~p¼0

X~N
n¼0

T~pðnÞ½cosðnhÞ~gi
1;~pnðtÞ þ sinðnhÞ�gi

1;~pnðtÞ�

¼ I1;iðn; hÞg1;ie
ixt ð22:fÞ



Table 2
Values of ft for shells with different boundary conditions.

Boundary Essential conditions ft

fu1 fu2
fu3 fr f#1

f#2
fg1

fg2

F No constraints 0 0 0 0 0 0 0 0
S1 u2 ¼ u3 ¼ 0 0 1 1 0 0 0 0 0
S2 u2 ¼ u3 ¼ @u3=@a1 ¼ 0 0 1 1 1 0 0 0 0
C u1 ¼ u2 ¼ u3 ¼ @u3=@a1 ¼ #1 ¼ #2 ¼ g1 ¼ g2 ¼ 0 1 1 1 1 1 1 1 1
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g2;iðn;h;tÞ¼
X~P
~p¼0

X~N
n¼0

T~pðnÞ½cosðnhÞ~gi
2;~pnðtÞþsinðnhÞ�gi

2;~pnðtÞ� ¼ I2;iðn;hÞg2;ie
ixt

ð22:gÞ
where x is the angular frequency, and i is the imaginary unit. n is a
non-dimensional coordinate, and a linear transformation rule for
coordinate from a1 2 ½a1;i;a1;iþ1� to n 2 ½�1;1� is introduced. T~pðnÞ
is the ~p order Chebyshev orthogonal polynomials of first kind.
Non-negative integer n represents the circumferential wave
number of the corresponding mode shape. ~P and ~N are the highest
degrees taken in the polynomials/series. ~ui

1;~pn, �u
i
1;~pn, ~u

i
2;~pn, �u

i
2;~pn, ~u

i
3;~pn,

�ui
3;~pn, ~#

i
1;~pn, �#

i
1;~pn, ~#

i
2;~pn, �#

i
2;~pn, ~gi

1;~pn, �g1;~pn, ~gi
2;~pn and �g2;~pn are the general-

ized displacement variables. U1;i, U2;i, U3;i, H1;i, H2;i, I1;i and I2;i
denote the displacement function vectors; u1;i, u2;i, u3;i, 01;i, 02;i,
g1;i and g2;i are the vectors containing generalized displacement
components.

Substituting Eqs. (14–16) and (20–22) into Eq. (13), one obtains
the discretized equations of motion for a multilayered composite
shell of revolution immersed in an acoustic fluid:

�x2Ms~qþ ðKs � Kk þ KjÞ~q ¼ fs þ fp ð23Þ
where ~q is the generalized displacement vector of the shell. Ms and
Ks are the disjoint generalized mass and stiffness matrices, respec-
tively. Kk and Kj are the generalized interface stiffness matrices
generated by interface potentials. fs is the generalized force vector
due to external structural excitation. fp is the generalized load vec-
tor representing the acoustic fluid pressure acting on the shell. The
detailed expression of fp will be given in the next section.

2.4. Acoustic model

Thestartingpoint for thedirect formulationof theexterior acous-
tic radiationproblemof anelastic body is thewell-knownKirchhoff–
Helmholtz integral formula. Due to the axisymmetric properties of a
multilayered composite shell of revolution, a global cylindrical coor-
dinate system ðr; h; zÞ located on the axis of the shell is introduced
herein to describe the acoustic field, as shown in Fig. 2.

In the cylindrical coordinate system, the Kirchhoff–Helmholtz
integral equation governing the exterior acoustic field of the shell
can be expressed as [31]:

CðrÞpðrÞ ¼
Z
S

pð�rÞ @Gðr;�rÞ
@�n

� Gðr;�rÞ @pð�rÞ
@�n

� �
dS ð24Þ

where rðr; h; zÞ and �rð�r; �h;�zÞ are the position vectors of field points
exterior to and on the fluid-shell interface S, respectively. p is the
sound pressure. CðrÞ is a coefficient depending on the position of
field point r, given as: CðrÞ ¼ 1 if r inside the acoustic medium,
CðrÞ ¼ 1=2 if r on the shell surface, and CðrÞ ¼ 0 if r outside the
acoustic medium. �n is the outward normal direction at a point on
the shell surface, and @=@�n represents the outward normal deriva-
tive with respect to the shell. Gðr;�rÞ is the three-dimensional free-
space Green’s function, written by

Gðr;�rÞ ¼ e�ikR0ðr;�rÞ

4pR0ðr;�rÞ ð25Þ
where k is the acoustic wave number, given as: k ¼ x=cf , and cf is
the speed of sound of the fluid. R0ðr;�rÞ is the distance between r
and �r, expressed as:

R0ðr;�rÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ �r2 � 2r�r cosðh� �hÞ þ ðz� �zÞ2

q
ð26Þ

Considering the axisymmetric property of the fluid-shell inter-
face involved, the field quantities of the fluid may be represented
by Fourier series in the circumferential direction, and then the
actual acoustic field quantities can be obtained by summing the
Fourier series over a sufficient number of harmonics. In doing so,
we expand the pressure of the acoustic field with respect to the
angle of revolution by using Fourier series. This gives

pðrÞ ¼
X~N
n¼0

½ps
nðr;n; zÞ sinðnhÞ þ pc

nðr;n; zÞ cosðnhÞ� ð27:aÞ

pð�rÞ ¼
X~N
n¼0

½�ps
nð�r;n;�zÞ sinðn�hÞ þ �pc

nð�r;n;�zÞ cosðn�hÞ� ð27:bÞ

where ps
n and pc

n are Fourier coefficients of the acoustic pressure at
field point rðr; h; zÞ; �ps

n and �pc
n are the pressure coefficients related to

field point �rð�r; �h;�zÞ. n is the acoustic mode number in the circumfer-
ential direction. Similarly, the Green’s function and its normal
derivative can be expressed as:

Gðr;�rÞ ¼ 1
p
X~N
n¼0

Hn½sinðnhÞ sinðn�hÞ þ cosðnhÞ cosðn�hÞ� ð28:aÞ

@Gðr;�rÞ
@�n

¼ 1
p
X~N
n¼0

�Hn½sinðnhÞ sinðn�hÞ þ cosðnhÞ cosðn�hÞ� ð28:bÞ

in which

Hn ¼
Z 2p

0

e�ikR0

4pR0
cosðnhÞdh; �Hn ¼

Z 2p

0

@

@�n
e�ikR0

4pR0

� �
cosðnhÞdh

ð29:a;bÞ
On the shell-fluid interface, the normal displacement of the

shell is related to the normal gradient of the acoustic pressure
through the momentum equation:

u3ð�rÞ ¼ 1
qfx2 rpð�rÞ � �n ð30Þ

where qf is the density of the fluid, and u3ð�rÞ is the normal displace-

ment of point �rð�r; �h;�zÞ.
Substituting Eqs. (27–30) and (22.c) into Eq. (24), and making

use of the orthogonality of sine and cosine integrals, one obtains
a modified form of the Kirchhoff–Helmholtz integral equation as
follows [39]:

CðrÞps
n ¼
Z

l
ð�Hn�ps

n�qfx
2Hn~us

3;nÞ�rdl;CðrÞpc
n ¼
Z
l
ð�Hn�pc

n�qfx
2Hn�uc

3;nÞ�rdl

ð31:a;bÞ
where l is the generator line of the shell. Note the surface integral of
Eq. (24) is reduced to a line integral along the generator of the shell,
and all the pressure variables in Eq. (31) are independent of h.



Fig. 2. Coordinate system of the acoustic field.
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To establish the coupling matrices for the shell-fluid interaction,
the acoustic boundary l is discretized into a fashion that the acous-
tic boundary segments coincide with those of the shell segments.
The sound pressure on each shell segment is expanded in the fol-
lowing form

�p ¼
XJ�1

j¼0

�PjðnÞ�pj ¼ �PðnÞ�p ð32Þ

where �PjðnÞ is the jth order Chebyshev orthogonal polynomials of
the first kind. �pj is the generalized pressure. J is the number of total
terms of the polynomials. �PðnÞ is the polynomial function vector,
defined as: �PðnÞ ¼ ½�P0ðnÞ; �P1ðnÞ; . . . ; �PJ�1ðnÞ�. �p is the column vector
containing generalized pressure variables, written by:
�p ¼ ½�p0; �p1; . . . ; �pJ�1�T.

Substituting Eqs. (22c) and (32) into Eq. (31), the two modified
Kirchhoff–Helmholtz equations can be combined and written in a
compact form as

C�PðrÞ�pnðrÞ ¼
XN
i¼1

Z
lni

�HnðnÞ�PðnÞ�rðnÞJðnÞdn
 !

�pn

�
XN
i¼1

Z
lni

qfx
2HnðnÞU3ðnÞ�rðnÞJðnÞdn

 !
u3;n ð33Þ

where JðnÞ is the Jacobian of the coordinate transformation.
To achieve a practical solution, the boundary integral equations

in Eq. (33) are explicitly enforced at a set of collocation points ri
(see Fig. 2) on each shell segment, which are distributed over the
roots of the Chebyshev polynomials of the first kind. In the local
coordinate, the roots nj are given as:

nj ¼ cos
ð2j� 1Þp

2J
; j ¼ 1;2; . . . ; J ð34Þ

Note for the case of J = 1, the pressure variable on each shell seg-
ment is assumed to be constant and the collocation point is placed
at the center of each segment (i.e., n1 = 0), which leads to conven-
tional constant boundary elements. For the case of J > 1, the pre-
sent formulation results in discontinuous boundary elements
since the collocation points located at the zeros of Chebyshev
orthogonal polynomials are physically placed inside of each shell
segment.

The collocation point ri varies over all shell segments, which
results in a set of N � J algebraic equations for each circumferential
wave mode.
Considering circumferential wave modes n ¼ 0;1; . . . ; ~N, Eq.
(33) can be arranged in a matrix form as

�H�p ¼ Gu3 ð35Þ
where �H and G are the assembled coefficient matrices resulting
from all circumferential wave modes, given as: �H ¼ diag
½�H1; �H2; . . . ; �Hn; . . . ; �H~N� and G ¼ diag ½G1;G2; . . . ;Gn; . . . ;G~N�, in which
�Hn and Gn are assembled matrices of all shell segments for circum-
ferential wave n, written by: �Hn ¼ diag ½�H1;n; �H2;n; . . . ; �Hi;n; . . . ; �HN;n�
and Gn ¼ diag ½G1;n;G2;n; . . . ;Gi;n; . . . ;GN;n�. �p and u3 are the vectors
containing the generalized pressure and the normal displacement
components of the shell, expressed as: �p ¼ diag
½�p1; �p2; . . . ; �pn; . . . ; �p~N�T and u3 ¼ diag ½u3;1;u3;2; . . . ;u3;i; . . . ;u3;~N�T,
where �pn and u3;n are assembled vectors of all shell segments for
circumferential wave n. The details expression of the coefficient
matrices �Hi;n and Gi;n for the ith segment corresponding to circum-
ferential wave n are given as:

�Hi;n ¼
Z
lni

�HnðnÞ�PðnÞ�rðnÞJðnÞdn; Gi;n ¼
Z
lni

qfx
2HnðnÞU3ðnÞ�rðnÞJðnÞdn

ð36Þ
In evaluating the coefficient matrices of �Hi;n and Gi;n, the inte-

grands may become singular. The singularities of these integrands
can be dealt with by using the adaptive Gaussian algorithm [25] or
elliptic integrals [39].

The CHIEF method [46] is employed to remove the non-
uniqueness of Eq.(35), which uses Eq. (33) with collocation points
placed outside of the fluid as a constraint. When the collocation
points ri are put exterior of the fluid, the quantity CðrÞ is equal to
zero, and Eq. (33) becomes

XN
i¼1

Z
lni

�HnðnÞ�PðnÞ�rðnÞJðnÞdn
 !

�pn

�
XN
i¼1

Z
lni

qfx
2HnðnÞWðnÞ�rðnÞJðnÞdn

 !
u3;n ¼ 0 ð37Þ

which leads to the following equation:

�Hc�p ¼ Gcu3 ð38Þ
Combining Eqs. (35) and (38) results in an over-determined

system of equations, which may be solve by a least-squares
procedure. The generalized pressure vector can be obtained as
follows
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�p ¼ ~Hþ1~Gu3 ð39Þ

where ~H and ~G are defined as: ~H ¼ ½�HT; �HT
c �

T
and ~G ¼ ½GT;GT

c �
T
. ~Hþ1 is

the generalized inverse of ~H. For a multilayered composite shell
loaded with a light fluid (e.g., air), the problems of shell vibration
and sound radiation can be solved independently. This means that
the calculation of the radiated acoustic field from the shell is based
on the vibration response of the shell by assuming an in-vacuo
shell. In doing so, the generalized acoustic load vector fp is removed
from Eq. (23), and the structural displacement vector ~q can be
obtained immediately. Once ~q is known, the generalized pressure
vector �p on the acoustic boundary is computed accordingly by Eq.
(39). Then, the pressure at any position in the fluid can be deter-
mined from Eqs. (33), (32) and (27). However, this approach is
not valid for problems where the fluid impedance is comparable
to that of the shell. In such cases, a structural–acoustic coupling
scheme must be used to obtain the vibro-acoustic properties of
the shell.

2.5. Coupled shell- fluid model

A standard approach to deal with the shell equations in coupling
with the acoustic equations is to eliminate the acoustic pressure
from the two equations. In doing so, one obtains equations which
only contain the displacement components. Substituting Eqs.
(22c), (32) and (39) into Eq. (21) and introducing a transformation
between the displacement vectors u3 and ~q, i.e., u3 ¼ T~q, the gener-
alized fluid loading vector fp in Eq. (23) can be obtained as:

fp ¼ �TT�G~Hþ1~GT~q ¼ �½�x2MfðxÞ þ iCf ðxÞ�~q ð40Þ
where Mf and Cf are frequency-dependent real matrices. �x2Mf

and iCf represent the real and imaginary parts of TT�G~Hþ1~GT, respec-
tively. �G is the fluid-shell coupling matrix assembled by the cou-
pling matrices related to all circumferential wave modes, given
as: �G ¼ diag ½�G1; �G2; . . . ; �Gn; . . . ; �G~N�, where �Gn is the matrix for cir-

cumferential wave n, given by �Gn ¼ diag ½Ĝ1;n; Ĝ2;n;. . . ; Ĝi;n; . . . ; ĜN;n�.
Ĝi;n is the fluid-shell coupling matrix of the ith shell segment corre-
sponding to circumferential wave n, expressed as

Ĝi;n ¼
Z Z

Si

Ui;T
3 ðnÞ�PiðnÞdS ð41Þ

Substituting Eq. (40) into Eq.(23), the governing equation for
the vibro-acoustic problem of the shell becomes

�x2½Ms þMf ðxÞ�~qþ iCfðxÞ~qþ ðKs � Kk þ KjÞ~q ¼ fs ð42Þ
The above equation indicates that the effect of the fluid can be

viewed as added mass and damping. Once ~q is known from Eq.(42),
the generalized pressure vector �p on the acoustic boundary is com-
puted accordingly by Eq. (39). Subsequently, the pressure at any
position in the fluid may be determined directly from Eqs. (33),
(32) and (27).

3. Results and discussion

Some numerical examples have been solved in this section to
demonstrate the accuracy and flexibility of the proposed theory
and method for predicting the vibration and acoustic responses
of multilayered shells of revolution. Before the application of the
theory and method to the acoustic problems of multilayered shells,
numerical results pertaining to the free vibration of in-vacuo mul-
tilayered shells are calculated based on the general higher-order
shear deformable zig-zag shell theory. Comparison studies have
been conducted in order to evaluate the accuracy of various shell
theories. Once the validity and accuracy of higher-order zig-zag
shell theories are verified, numerical analyses concerning the
sound radiation of multilayered spherical, cylindrical and conical
shells immersed in light and heavy fluid are implemented subse-
quently. With regard to the acoustic responses of multilayered
shells, the results of present method are compared with exact ana-
lytical solutions and numerical results of coupled FEM/BEM. The
curvilinear coordinate systems employed in the present analysis
for multilayered spherical, cylindrical and conical shells are given
in Qu et al. [48]. For the acoustic analyses, unless stated otherwise,
the light fluid (air) is characterized by density qf ¼ 1:225 kg/m3

and speed of sound cf ¼ 340 m/s, whereas qf ¼ 1026 kg/m3 and
cf ¼ 1500 m/s are considered for the heavy fluid (water). In order
to consider the damping effects of the shells, structural damping
is introduce in the analysis by multiplying the global stuffiness
matrices of the shells by a complex coefficient ð1þ igÞ, where g
is a loss factor taken as: g ¼ 0:005. All the reference results of
the coupled FEM/BEM are converged numerical solutions obtained
by ANSYS and LMS Virtual. Lab. Acoustics, where the four-noded
SHELL 181 elements in ANSYS are used to model the multilayered
shells. The acoustic results of the shells are given in the forms of
sound pressure level (SPL) and sound power level (SWL), which
are decibel (dB) scale measures of the radiated sound pressure p
and sound power W relative to reference values, expressed as:

SPL ¼ 20log10
p

pRef

� �
; SWL ¼ 10log10

W
WRef

� �
ð43:a;bÞ

where pRef is a reference sound pressure, defined as pRef ¼ 2� 10�5

Pa and pRef ¼ 1� 10�6 Pa for air and water, respectively. The refer-
ence sound power for both air and water is taken as
WRef ¼ 1� 10�12 W.

3.1. In-vacuo free vibration of multilayered shells

In this subsection, free vibration results are presented for in-
vacuo composite laminated shells. For simplicity, we confine our
attention to the analyses of multilayered cylindrical shells. For a
fixed terms of polynomials assumed for the displacement field of
each cylindrical shell segment, the vibration solutions of the pre-
sent method can be achieved as accurate as desired by increasing
the number of shell segments decomposed in the axial direction
of the shell. Table 3 lists the non-dimensional frequency parame-
ters Xn;m ¼ xL2=h

ffiffiffiffiffiffiffiffiffiffiffi
q=E2

p
against the shell segment number N for

a cross-ply [0�/90�] laminated cylindrical shell with F-F boundary
conditions. The frequency parameters corresponding to circumfer-
ential waves n ¼ 1;2;3 and axial modes m ¼ 1;2;3;4;9;10 are
considered. The geometric and material data of the shell are given
as: L=R ¼ 5, h=R ¼ 0:05, R ¼ 1 ; E1=E2 ¼ 25, E2 ¼ 2 GPa,
G12=E2 ¼0:5, G13=E2 ¼0:5, G23=E2 ¼0:2, l12 ¼0:25, q¼1500 kg/m3.
The two layers of the cylindrical shell are assumed to be of equal
thickness. The higher-order shear deformable zig-zag shell theory,
HDTZ[LMR], is employed to describe the displacement field of the
shell, and eight terms (i.e., ~P¼7) of the Chebyshev orthogonal
polynomials are chosen to expand the displacement components
of each shell segment. It is observed from Table 3 that the calcu-
lated frequencies of the present method exhibit rapid convergence
trend with an increase in the number of the shell segments. For all
the numerical cases considered herein, the discrepancy between
the solutions of N¼4 and N¼20 is very small, and the maximum
discrepancy (¼ jXN¼4�XN¼20j=XN¼20�100%) is found to be less
than 0.03% for the first 10 axial modes corresponding to each cir-
cumferential wave.

To validate the accuracy of the present method, Table 4 lists the
non-dimensional frequency parameters Xn;m ¼ xL2=h

ffiffiffiffiffiffiffiffiffiffiffi
q=E2

p
of a

cross-ply [0�/90�/0�] laminated cylindrical shell with three types



Table 3
Frequency parameters Xn;m ¼ xL2=h

ffiffiffiffiffiffiffiffiffiffiffi
q=E2

p
against the number of shell segments for a cross-ply [0�/90�] laminated cylindrical shell (boundary conditions: F-F).

Modes Number of shell segments

n m N = 2 N = 4 N = 6 N = 8 N = 10 N = 12 N = 15 N = 20

1 1 297.259 297.255 297.256 297.255 297.256 297.253 297.257 297.259
2 335.511 335.511 335.510 335.510 335.511 335.510 335.511 335.511
3 479.783 479.768 479.768 479.768 479.764 479.769 479.769 479.771
4 599.715 599.643 599.667 599.672 599.672 599.673 599.675 599.676
9 1212.783 1197.438 1197.482 1197.472 1197.528 1197.548 1197.571 1197.615

10 1300.796 1246.582 1246.510 1246.550 1246.523 1246.544 1246.555 1246.584

2 1 41.706 41.705 41.705 41.705 41.705 41.705 41.705 41.705
2 42.553 42.550 42.548 42.548 42.548 42.548 42.547 42.548
3 176.909 176.900 176.899 176.900 176.900 176.901 176.901 176.903
4 270.740 270.707 270.706 270.707 270.707 270.708 270.710 270.713
9 746.393 742.657 742.618 742.664 742.642 742.641 742.646 742.664

10 827.563 792.005 792.130 791.936 792.121 792.135 792.151 792.191

3 1 115.803 115.802 115.802 115.802 115.802 115.802 115.802 115.802
2 116.868 116.865 116.863 116.863 116.863 116.863 116.863 116.863
3 160.686 160.673 160.671 160.670 160.669 160.669 160.669 160.669
4 222.684 222.641 222.636 222.634 222.634 222.634 222.634 222.634
9 674.454 639.607 639.740 639.495 639.722 639.744 639.768 639.820

10 784.293 735.553 735.365 735.544 735.337 735.417 735.472 735.563

Table 4
Frequency parameters Xn;m ¼ xL2=h

ffiffiffiffiffiffiffiffiffiffiffi
q=E2

p
for a cross-ply [0�/90�/0�] laminated cylindrical shell with different boundary conditions (m ¼ 1).

n F–F S1–S1 C–C

HSDTZ[LMR] Ref. [71] FSDT Ref. [1] 3-D HSDTZ[LMR] Ref. [71] FSDT Ref. [1]3-D HSDTZ[LMR] Ref. [71] FSDT Ref. [1] 3-D

1 304.140 304.13 304.200 151.504 151.49 151.523 159.327 159.31 159.214
2 27.205 26.575 26.553 92.757 92.574 92.562 107.859 107.71 107.574
3 75.367 74.905 74.772 95.731 95.368 95.187 108.357 108.05 107.854
4 143.092 142.93 142.488 150.574 150.42 149.918 157.369 157.23 156.757
5 229.303 229.74 228.642 233.543 233.97 232.828 237.270 237.70 236.584
7 453.433 456.60 452.462 456.282 459.42 455.279 457.843 460.98 456.852

10 903.579 917.18 901.390 906.047 919.60 903.854 906.764 920.32 904.573
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of boundary conditions, namely F–F, S1–S1 and C–C. The global
geometric dimensions and material data of the shell follow the
same values of the previous case. Again, the higher-order zig-zag
theory HDTZ[LMR] is employed for the present analysis. The numer-
ical results reported by Messina and Soldatos [71] based on a FSDT
and the 3-D elasticity solutions of Qu et al. [1] are also given in
Table 4 for comparison purpose. It should be noted that the FSDT
used by Messina and Soldatos [71] fulfils the continuity of the
interlaminar stresses through the shell thickness. As observed from
Table 4, in the case of lower circumferential waves (n 6 5), the
non-dimensional frequency parameters obtained by FSDT and
HDTZ[LMR] are both in close agreement with the 3-D elasticity
results. However, the present HDTZ[LMR] tends to give much accu-
rate frequencies than those of FSDT in the case of higher circumfer-
ential waves (e.g., n ¼ 10).

Comparisons of the numerical solutions obtained from different
shell theories for a cross-ply [0�/90�] laminated cylindrical shell
with S1–S1 boundary conditions are illustrated in Fig. 3. The geo-
metric and material data of the shell are given in the previous case.
The accurate results obtained by Matsunaga [72] are considered
here as reference solutions. In Fig. 3, HSDT[R] and HSDTZ[R] repre-
sent the higher-order shear deformable shell theories with

f ð1Þ ¼ �413=ð3h2Þ and gð1Þ ¼ 1� 413=ð3h2Þ. It is observed that all
solutions of the HSDT and HSDTZ are in close agreement with the
reference results in the case of lower circumferential modes
(n 6 6). The results of HSDT[VE1], HSDT[VE2], HSDT[G], HSDTZ[VE1],
HSDTZ[VE2] and HSDTZ[G] tend to deviate significantly from the ref-
erence solutions when higher circumferential modes (n > 7) are
concerned. In general, when the zig-zag function is introduced into
the displacement field of a HSDT, the accuracy of the frequency
parameters of the shell can be effectively improved. The max
discrepancy between the results of all shell theories without zig-
zag function (i.e., FSDT and HSDTs) and the reference data is 4%
for circumferential modes n 6 5, whereas such a discrepancy is less
than 3.2% for all FSDTz and HSDTZ models. In the case of the
circumferential mode n ¼ 10, the maximum discrepancies of the
HSDT[VE1], HSDT[VE2] and HSDT[G] with respect to the reference data
are 10.3%, 10.3% and 14.2%, respectively. For the HSDTZ[VE1], HSDTZ
[VE2] and HSDTZ[G], the corresponding maximum discrepancies are
7.1%, 7.1% and 9.4%, respectively. Another interesting observation
is that the HSDT[VE1] and HSDT[VE2] produce identical results for
all numerical cases. This is anticipated since they use the similar
shape functions just with different multiplying coefficients.
The same tendency is also observed for the HSDTZ[VE1] and HSDTZ
[VE2].

3.2. Sound radiation of multilayered shells

3.2.1. Spherical shell
The sound radiation problems of a multilayered spherical shell

immersed in an infinite light or heavy fluid are examined in this
subsection. To achieve an exact analytical solution for comparison
purpose, the spherical shell is assumed to be made of three layers
of isotropic materials. The outer and inner layers are fabricated by
zirconia (ceramic) with material properties given as: E ¼ 168 GPa,
l ¼ 0:3, q ¼ 5700 kg/m3, and the core layer is made of aluminum
whose material properties are: E ¼ 70 GPa, l ¼ 0:3, q ¼ 2707
kg/m3. The geometrical dimensions of the shell are:
Ro ¼ 1:015 m, Ri ¼ 0:985 m, R ¼ ðRo þ RiÞ=2, and the three layers
are of the same thickness. Damping effects of the shell are
neglected. The inner surface of the shell is subjected to a uniformly
distributed force with an intensity of p0 ¼ 1 Pa, as shown in Fig. 4.
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Fig. 3. Variation of non-dimensional frequencies against circumferential wave number n for a [0�/90�] laminated cylindrical shell: (a) shell theories without zig-zag
functions; (b) shell theories with zig-zag functions.

Fig. 4. Multilayered spherical shell immersed in fluid: (a) shell model; (b) acoustic model.
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Fig. 5 illustrates the normal displacement of the shell reference
surface and the radiated sound pressure at an observation point Q0

(rQ0 ¼ 4 m;zQ0 ¼ 0) for the spherical shell immersed in air. In this
case, a high acoustic impedance mismatch exists between the shell
and air. Therefore, the structural and acoustic responses of the
shell are solved one after the other. The spherical shell is dis-
cretized into N ¼ 10 shell segments in the meridional direction,
and the displacement components and sound pressure of
each shell segment are expanded by eight (i.e., ~P ¼ 7) and three
(i.e., J ¼ 3) terms of Chebyshev orthogonal polynomials, respec-
tively. Note the external force applied on the inner surface is
axisymmetric with respect to the circumferential coordinate, and
therefore only the axisymmetric vibration modes of the shell can
be effectively excited. Consequently, the circumferential wave
number of the displacement and pressure variables is truncated
as n ¼ 0 in the analysis. The first-order shear deformable zig-zag
theory, FSDTZ, is employed here to describe the displacement field
of the shell. The exact solutions are obtained by solving the 3-D
theory of elasticity combined with the 3-D wave equations; for
more details see Appendix B. As can be observed from Fig. 5, the
present solutions are in good correlation with the exact results.
The comparison of the present results and the exact solutions for
the spherical shell immersed in water is presented in Fig. 6. In this
case, the effect of the fluid pressure on the vibration of the shell
cannot be neglected, and the strong coupling scheme for the struc-
tural and acoustic equations is therefore employed. Again, the
comparison in Fig. 6 shows that the present method provides
results in excellent agreement with the exact solutions. This veri-
fies the accuracy of present method for the structural–acoustic
coupling analysis of multilayered shells.

3.2.2. Cylindrical shell
The radiation of sound frommultilayered cylindrical shells with

different boundary conditions is examined in this subsection. The
shells are terminated by infinitesimally thin, rigid circular baffles
at both ends, as shown in Fig. 7. It is assumed that the shells are
excited by normal distributed forces f w ð¼ �f weixtÞ with unit
intensity.

To validate the accuracy of the present method, Fig. 8 shows the
comparison of the radiation directivity patterns for a cylindrical
shell made of steel and immersed in air. The shell properties are
as follows: L ¼ 2 m, R ¼ 1 m, H ¼ 0:01 m; E ¼ 210 GPa, l ¼ 0:3,
q ¼ 7800 kg/m3. The location of the distributed surface force is
define as: x0 ¼ 0 m, x1 ¼ 0:2 m, h0 ¼ �p=3 and h1 ¼ p=3. The



Fig. 5. A three-layered spherical shell in air: (a) normal displacement; (b) sound pressure level.

Fig. 6. A three-layered spherical shell in water: (a) normal displacement; (b) sound pressure level.

Fig. 7. Multilayered cylindrical shell immersed in fluid: (a) shell model; (b) acoustic model.
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Fig. 8. Radiation directivity patterns of cylindrical shell: (a) RQ0 ¼ 15 m; (b) RQ0 ¼ 30 m.
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radiation directivity patterns are evaluated at RQ0 ¼ 15 m and
RQ0 ¼ 30 m for the angles h ¼ 0 and 0 6 / 6 360o, where / is
defined in Fig. 7, and the excitation frequency of the external force
is 100 Hz. Since the shell is a homogenous structure, the FSDT is
employed here to describe the displacement field of the shell.
The present solutions are obtained by dividing the generator lines
of the shell and the rigid circular baffle into 9 and 3 segments,
respectively. Eight terms (i.e., ~P ¼ 7) of the Chebyshev orthogonal
polynomials are used to expand the displacement components of
each shell segment. To show the convergence rate of the present
method, different terms of Chebyshev orthogonal polynomials
are used for the pressure variable, namely J = 1, 2 and 3. The results
obtained from the coupled FEM/BEM are included in the figures as
reference solutions. It can be observed from Fig. 8 that the rate of
convergence of present method for the sound radiation results is
excellent. The present solutions obtained by J ¼ 1 are in excellent
agreement with the reference results.

The grouped modal contributions of the circumferential modes
to the radiated sound power of a cross-ply [0�/90�] laminated
cylindrical shell immersed in air are illustrated in Fig. 9. The geo-
metric and material data of the shell are given as: L=R ¼ 2,
h=R ¼ 0:05, R ¼ 1 m; E1 ¼ 131 GPa, E2 ¼ 10:34 GPa, G12 ¼ G23

¼ 6:895 GPa, G13 ¼ 6:205 GPa, l12 ¼ 0:22, q ¼ 1627 kg/m3. The
two layers of are of equal thickness. The intensity and location of
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Fig. 9. Radiated sound power level for a cross-ply [0�/90�] cylindric
the external force follow the same values and configuration of
the previous case. Two types of boundary conditions are examined,
namely F–C and S1–S1. From Fig. 9, the individual modal contribu-
tions corresponding to different circumferential modes to the total
radiated sound power of the shell can be observed directly. The
results indicate that for the cylindrical shell with the two types
of boundary conditions, some circumferential modes do not signif-
icantly contribute to the radiated sound power for the frequency
range considered. Moreover, the F–C cylindrical shell is more effi-
cient to radiate sound than the S1–S1 shell. This is expected since
the F–C cylindrical shell is much more flexible in bending than the
shell with S1–S1 boundary conditions.

Sound pressure contours of the shell surface corresponding to
the peaks in Fig. 9 are given in Fig. 10. These sound pressure con-
tours of the cylindrical shell serve to enhance our understanding
on the physical insight of the radiation sound related to different
circumferential modes. From Fig. 9(a), we notice that the peak A
is related to a n ¼ 2 vibration mode by comparing the grouped
modal contributions of n ¼ 0 : 1 and n ¼ 0 : 2. The results in
Fig. 10 vividly confirm that the peak A corresponds to a
ðn;mÞ ¼ ð2;1Þ vibration mode of the shell. The sound pressure con-
tour for the shell under a 150 Hz excitation is also given in the fig-
ure. Note this frequency does not coincide with any resonant
vibration mode of the shell. The peaks C and F in the sound power
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Fig. 10. Sound pressure contours of shell reference surface for cross-ply [0�/90�] cylindrical shell with F–C and S1–S1 boundary conditions.
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level curves of the F–C cylindrical shell are identified as the,
ðn;mÞ ¼ ð1;1Þ and ðn;mÞ ¼ ð2;2Þ vibration mode, respectively.
Likewise, the peaks A, B, D and F in the sound power level curves
of the S1–S1 cylindrical shell correspond to the ðn;mÞ ¼ ð4;1Þ,
ðn;mÞ ¼ ð2;1Þ, ðn;mÞ ¼ ð4;2Þ and ðn;mÞ ¼ ð1;2Þ vibration mode of
the shell, respectively.

3.2.3. Conical shell
An attempt is made in this section to analyze the radiation of

sound from a two-layered conical shell due to a normal surface
force. The conical shell is closed by two infinitesimally thin, rigid
circular baffles at its two ends, as shown in Fig. 11. The outer layer
and inner layer of the shell are fabricated from zirconia and alu-
minum, respectively, and the material properties are given as:
E ¼ 168 GPa, l ¼ 0:3, q ¼ 5700 kg/m3 for zirconia, and E ¼ 70 GPa,
Fig. 11. A two-layered conical shell immersed i
l ¼ 0:3, q ¼ 2707 kg/m3 for aluminum. The geometrical parame-
ters of the shell are given as: R1 ¼ 0:5 m, R2 ¼ R1 þ 2 tana0,
a0 ¼ p=8, h ¼ 0:02 m. The external force is applied on the shell in
the normal direction with its location defined as: s01 ¼ R1=sina0,
s02 ¼ R1=sina0 þ 0:2= cosa0, h0 ¼ p=6. The intensity of the force is
taken to be unit.

Fig. 12 shows the results of the radiated sound pressure level
and sound power level for the conical shell immersed in air and
subjected F–C boundary conditions. The sound pressure level
results are evaluated at two observation points, namely Q0

(rQ0 ¼ 10 m, hQ0 ¼ 0, zQ0 ¼ 5 m) and Q1 (rQ1 ¼ 5 m, hQ1 ¼ 0,
zQ1 ¼ 1 m). The present solutions are obtained by dividing the gen-
erator lines of the shell and the rigid circular baffle into 10 and 3
segments, respectively. The highest degree of the Chebyshev
orthogonal polynomials taken for the shell displacement
n fluid: (a) shell model; (b) acoustic model.
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Fig. 13. Sound pressure contour of shell reference surface for a two-layered F–C conical shell.
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components is ~P ¼ 7. To show the convergence rate of the present
method, the sound radiation results are determined by using dif-
ferent terms of Chebyshev orthogonal polynomials for the pressure
variable. The circumferential wave number of the displacement
and pressure variables is truncated as n ¼ 0 : 9. The FSDTZ is used
to describe the displacement field of the shell. The results obtained
by using the coupled FEM/BEM are included in the figures as refer-
ence solutions.

It can be observed from Fig. 12 that the rate of convergence of
present method for the sound radiation results is excellent. The
present solutions obtained by J ¼ 1 are in excellent agreement
with the reference results. The sound pressure contours of the shell
reference surface corresponding to the first four peaks in Fig. 12(b)
are given in Fig. 13. The peaks A, B, C and D correspond to the
ðn;mÞ ¼ ð3;1Þ, ðn;mÞ ¼ ð2;1Þ, ðn;mÞ ¼ ð4;2Þ and ðn;mÞ ¼ ð3;2Þ
vibration modes of the shell, respectively.
4. Conclusions

This paper is dedicated to the study of the vibration and acous-
tic radiation of multilayered shells of revolution immersed in
unbounded light and heavy fluid. A general higher-order shear
deformable zig-zag shell theory is developed to describe the dis-
placement field of multilayered shells with arbitrary curvatures.
The general zig-zag theory leaves open possibilities to recover
various thin and shear deformable shell theories available in the
literature by introducing into the shell displacement approxima-
tion with certain shape functions. Regarding the vibration and
acoustic analyses of a multilayered shell of revolution, a modified
variational method combined with a multi-segment partitioning
procedure is employed to formulate the shell model based on the
general zig-zag shell theory. The acoustic field exterior to the shell
is formulated in terms of a spectral Helmholtz integral formulation
with collocation points placed at the roots of orthogonal polynomi-
als. The non-uniqueness solution of the acoustic integral equations
is alleviated by using CHIEF interior points. The displacement and
sound pressure variables are expanded by Fourier series in the cir-
cumferential direction and Chebyshev orthogonal polynomials in
the meridional direction. As a result, a 3-D vibro-acoustic problem
of the shell is transformed into a set of uncoupled 1-D problems,
corresponding to the harmonics of Fourier series. The use of Four-
ier series allows the present method to account for the individual
modal contributions to the vibration response and total radiated
sound of multilayered shells directly. Numerical examples pertain-
ing to the free vibration analyses of in-vacuo multilayered compos-
ite cylindrical shells are examined based on the higher-order zig-
zag shell theory. Comparison studies are conducted to evaluate
the accuracy of various shell theories. With regard to the acoustic
problems, numerical analyses concerning the sound radiation of
multilayered spherical, cylindrical and conical shells immersed in
light and heavy fluid are implemented. The accuracy and validity
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of the present method are established by comparing the present
results with those solutions obtained by the exact analytical
method and the coupled FEM/BEM. Individual contributions of
the circumferential wave modes to the radiated sound of multilay-
ered shells are investigated. The theory and method presented here
provide a general tool for greater physical insight into the exterior
acoustic-structure interaction problems of multilayered shells of
revolution.

Appendix A. Elastic coefficient matrices of multilayered shell

The detailed expressions of the elastic coefficient matrices A
and �A in Eq. (11) are given as

A ¼
A11 A12 A16

A12 A22 A26

A16 A26 A66

2
64

3
75; �A ¼

�A44
�A45

�A45
�A55

" #
ðA:1Þ

where Aij (i; j ¼ 1;2;6) and �Aij (i; j ¼ 4;5) are the elastic coefficients
of a multilayered shell. Other elastic coefficient matrices in Eq. (11),
namely B; . . . ;N;O and �B; . . . ; �X; �Y, may be expanded in similar
forms of A and �A. The elastic coefficients in these matrices are
defined as follows:

Aij;Bij;Cij;Dij;Eij;

Fij;Gij;Hij; Iij; Jij;Kij;

Lij;Mij;Nij;Oij

0
B@

1
CA¼

XNl

k¼1

Z 1kþ1

1k

1;1; f ;g;u;

12;1f ;1g;1u; f 2; fg;

fu;g2;gu;u2

0
B@

1
CA�Q ðkÞ

ij d1; i; j¼1;2;6

ðA:2Þ

�Aij; �Bij; �Cij; �Dij; �Eij; �Fij; �Gij;

�Hij;�Iij;�Jij; �Kij; �Lij; �Mij; �Nij;

�Oij; �Pij; �Rij; �Sij; �Tij; �Xij; �Yij

0
B@

1
CA

¼ ks
XNl

k¼1

Z 1kþ1

1k

f 2; fg; fu; f�f ; f �g; f �u; g2;

gu; g�f ; g�g; g �u;u2;u�f ;u�g;

u �u;�f 2;�f �g;�f �u; �g2; �g �u; �u2

0
B@

1
CA�Q ðkÞ

ij d1; i; j ¼ 4;5

ðA:3Þ
Appendix B. Exact solution for vibro-acoustic problem of a
multilayered spherical shell

For a multilayered spherical shell made of Nl isotropic and
homogeneous layers, the displacement field of each layer has
spherical symmetry when the inner surface of shell is subjected
to a uniform pressure. The displacement field u(k) of the kth layer
can be expressed as:

uðkÞ ¼ r/̂ðkÞ ðB:1Þ

where /̂ðkÞ is a scalar potential function, and r is a gradient
operator.

Consider the Helmholtz resolution of the displacement vector in
terms of spherical coordinates (i.e., u, h, r; see Ref. [1] for more
details) and the symmetry of the displacement filed of each layer,
namely, uðkÞ ¼ ð@/̂ðkÞ=@rÞer ; we obtain [73]

d2/̂ðkÞ

dr2
þ 2

r
d/̂ðkÞ

dr
þ ðkðkÞs Þ2/̂ðkÞ ¼ 0 ðB:2Þ

where kðkÞs is a wave number, defined as: kðkÞs ¼ x=cðkÞs . cðkÞs is the
propagation velocity of the dilatational wave in the kth layer,

expressed as: cðkÞs ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðkðkÞ þ 2GðkÞÞ=qðkÞ

q
, where kðkÞ and G(k) are the

Lamé constant and the shear modulus, respectively.
The analytical solution of the Eq. (B.2) is given in the form:
/̂ðkÞðrÞ ¼ HðkÞ
0

e�ikðkÞs r

r
þ HðkÞ

1
eik

ðkÞ
s r

r
ðB:3Þ

where HðkÞ
0 and HðkÞ

1 are undetermined complex constants.
Substituting Eq. (B.3) into Eq. (B.1), we obtain the normal dis-

placement component uðkÞ
3 as

uðkÞ
3 ¼ �HðkÞ

0
e�ikðkÞs r

r2
ikðkÞs r þ 1
� �

þ HðkÞ
1

eik
ðkÞ
s r

r2
ikðkÞs r � 1
� �

ðB:4Þ

The radial stress component of the kth layer can be found by a
direct application of the constitutive equation in linear elasticity,
given as

rðkÞ
3 ¼ kðkÞ þ 2GðkÞ

� � duðkÞ
3

dr
þ 2kðkÞ

uðkÞ
3

r
ðB:5Þ

Substituting Eq. (B.4) into Eq. (B.5), the radial stress rðkÞ
3 is

expressed as

rðkÞ
3 ¼ HðkÞ

0

�
~kðkÞ �ðkðkÞs rÞ2 þ i2kðkÞs r þ 2
h i

� 2kðkÞ ikðkÞs r þ 1
� �� e�ikðkÞs r

r3

þ HðkÞ
1

�
~kðkÞ �ðkðkÞs rÞ2 � i2kðkÞs r þ 2
h i

þ 2kðkÞ ikðkÞs r � 1
� �� eik

ðkÞ
s r

r3

ðB:6Þ
where ~kðkÞ is expressed as: ~kðkÞ ¼ kðkÞ þ 2GðkÞ.

For vibro-acoustic analyses of the multilayered spherical shell
immersed in an infinite acoustic fluid, the interface conditions of
adjacent layers as well as the boundary conditions on the inner
and outer surfaces of the shell must be enforced to achieve a prac-
tical solution. For the case of perfect layer interfaces, we have

uðk�1Þ
3

���
r¼rðkÞ

¼ uðkÞ
3

���
r¼rðkÞ

; rðk�1Þ
3

���
r¼rðkÞ

¼ rðkÞ
3

���
r¼rðkÞ

; k ¼ 2;3; . . . ;Nl

ðB:7Þ
The boundary condition on the inner surface of the shell is sim-

ply given as

rðkÞ
3 ðrÞ

���
r¼rðkÞ ;k¼1

¼ �p0 ðB:8Þ

where p0 is the amplitude of the prescribed pressure.
The boundary condition on the outer surface of the shell is cou-

pled with the acoustic solution of the fluid field. The acoustic pres-
sure radiated by a pulsating sphere having a uniformly radial
surface velocity can be expressed as [74]:

pðrÞ ¼ Vr
iqfxR2

o

ikf Ro þ 1
e�ikf ðr�RoÞ

r
ðB:9Þ

where Vr is the prescribed radial velocity on the outer surface of the
shell. Ro is the outer radius of the sphere. qf is the density of the
fluid. kf is the acoustic wave number, written by: kf =x/cf, where
cf is the speed of sound of the fluid.

For the vibro-acoustic problem of the multilayered spherical
shell, Vr is unknown a priori and can be represented by:

Vr ¼ ixuðkÞ
3 ðrÞ

���
r¼rðkþ1Þ ;k¼Nl

ðB:10Þ

Substituting Eq. (B.4) into Eq. (B.9) and considering the relation-
ship defined in Eq. Eq. (10), we obtain

pðrÞ¼
"
HðkÞ

0 e�ik
ðNlÞ
s Ro ikðNlÞ

s Roþ1
� �

�HðkÞ
1 eik

ðNlÞ
s Ro ikðNlÞ

s Ro�1
� �# qfx2

ikf Roþ1

� e�ikf ðr�RoÞ

r
ðB:11Þ

where the radius Ro of the outer surface of the spherical shell is
given as: Ro ¼ rðNlþ1Þ.
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The boundary condition on the outer surface can be given as:

rðkÞ
3 ðrÞ

���
r¼rðkþ1Þ ;k¼Nl

¼ �pðrÞjr¼rðkþ1Þ ;k¼Nl
ðB:12Þ

Regarding the multilayered spherical shell with Nl layers, the

total number of unknowns (i.e., HðkÞ
0 and HðkÞ

1 ) is 2Nl. We have
2ðNl � 1Þ equations in terms of interface conditions and two
boundary equations defined on the inner and outer surfaces of
the shell. This leads to a system of 2Nl equations with 2Nl

unknowns. Therefore the system is well defined and is solvable.
For a three-layered spherical shell, we obtain a linear system of
equations as follows:

H11 H12 0 0 0 0
H21 H22 H23 H24 0 0
H31 H32 H33 H34 0 0
0 0 H43 H44 H45 H46

0 0 H53 H54 H55 H56

0 0 0 0 H65 H66

2
666666664

3
777777775

Hð1Þ
0

Hð1Þ
1

Hð2Þ
0

Hð2Þ
1

Hð3Þ
0

Hð3Þ
1

2
66666666664

3
77777777775
¼

�p0

0
0
0
0
0

2
666666664

3
777777775

ðB:13Þ

Where

H11 ¼ ~kð1Þ � kð1Þs R1

� �2
þ i2kð1Þs R1 þ 2

� �
� 2kð1Þ ikð1Þs R1 þ 1

� �� �
e�ikð1Þs R1

R3
1

ðB:14Þ

H12 ¼ ~kð1Þ � kð1Þs R1

� �2
� i2kð1Þs R1 þ 2

� �
þ 2kð1Þ ikð1Þs R1 � 1

� �� �
eik

ð1Þ
s R1

R3
1

ðB:15Þ

H21 ¼ � e�ikð1Þs R2

R2
2

ikð1Þs R2 þ 1
� �

ðB:16Þ

H22 ¼ eik
ð1Þ
s R2

R2
2

ikð1Þs R2 � 1
� �

ðB:17Þ

H23 ¼ e�ikð2Þs R2

R2
2

ikð2Þs R2 þ 1
� �

ðB:18Þ

H24 ¼ � eik
ð2Þ
s R2

R2
2

ikð2Þs R2 � 1
� �

ðB:19Þ

H31 ¼ ~kð1Þ � kð1Þs R2

� �2
þ i2kð1Þs R2þ2

� �
�2kð1Þ ikð1Þs R2þ1

� �� �
e�ikð1Þs R2

R3
2

ðB:20Þ

H32 ¼ ~kð1Þ � kð1Þs R2

� �2
� i2kð1Þs R2þ2

� �
þ2kð1Þ ikð1Þs R2�1

� �� �
eik

ð1Þ
s R2

R3
2

ðB:21Þ

H33 ¼� ~kð2Þ � kð2Þs R2

� �2
þ i2kð2Þs R2þ2

� �
�2kð2Þ ikð2Þs R2þ1

� �� �
e�ikð2Þs R2

R3
2

ðB:22Þ

H34 ¼� ~kð2Þ � kð2Þs R2

� �2
� i2kð2Þs R2þ2

� �
þ2kð2Þ ikð2Þs R2�1

� �� �
eik

ð2Þ
s R2

R3
2

ðB:23Þ

H43 ¼ � e�ikð2Þs R3

R2
3

ikð2Þs R3 þ 1
� �

ðB:24Þ
H44 ¼ eik
ð2Þ
s R3

R2
3

ikð2Þs R3 � 1
� �

ðB:25Þ

H45 ¼ e�ikð3Þs R3

R2
3

ikð3Þs R3 þ 1
� �

ðB:26Þ

H46 ¼ � eik
ð3Þ
s R3

R2
3

ikð3Þs R3 � 1
� �

ðB:27Þ

H53 ¼ ~kð2Þ � kð2Þs R3

� �2
þ i2kð2Þs R3þ2

� �
�2kð2Þ ikð2Þs R3þ1

� �� �
e�ikð2Þs R3

R3
3

ðB:28Þ

H54 ¼ ~kð2Þ � kð2Þs R3

� �2
� i2kð2Þs R3þ2

� �
þ2kð2Þ ikð2Þs R3�1

� �� �
eik

ð2Þ
s R3

R3
3

ðB:29Þ

H55 ¼� ~kð3Þ � kð3Þs R3

� �2
þ i2kð3Þs R3þ2

� �
�2kð3Þ ikð3Þs R3þ1

� �� �
e�ikð3Þs R3

R3
3

ðB:30Þ

H56 ¼� ~kð3Þ � kð3Þs R3

� �2
� i2kð3Þs R3þ2

� �
þ2kð3Þ ikð3Þs R3�1

� �� �
eik

ð3Þ
s R3

R3
3

ðB:31Þ

H65¼ ~kð3Þ � kð3Þs R4

� �2
þ i2kð3Þs R4þ2

� ��

� 2kð3Þ � qfx2R2
4

ikf R4þ1

 !
ikð3Þs R4þ1
� �)e�ikð3Þs R4

R3
4

ðB:32Þ

H66 ¼ ~kð3Þ �ðkð3Þs R4Þ
2 � i2kð3Þs R4 þ 2

h in

þ 2kð3Þ � qfx2R2
4

ikf R4 þ 1

 !
ikð3Þs R4 � 1
� �) eik

ð3Þ
s R4

R3
4

ðB:33Þ

where Rj (j ¼ 1;2;3;4) are the radii of the inner surface, layer inter-
faces and outer surface of the shell, defined as: Rj ¼ rðkÞ

��
k¼j.

Eq. (B.13) is solved to obtain the constants HðkÞ
0 and HðkÞ

1

(k ¼ 1;2;3). Once HðkÞ
0 and HðkÞ

1 are known, the normal displacement
response of the shell may be determined by Eq. (B.4) and corre-
spondingly, the acoustic pressure at any field point can be found
by using Eq. (B.11).
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